Introduction
Let K be a perfect field such that there is a degree 2 extension L of K . Let f (x 0 , x 1 ) ∈ K[x 0 , x 1 ] denote any degree 2 homogeneous polynomial such that L = K(α) with α a root of f (1, t), i.e. take as f any degree 2 homogeneous polynomial that is irreducible over K but reducible over L. The main examples are the case K = R, L = C and the case K = F q and L = F q 2 . Take homogeneous coordinates x 0 , x 1 , x 2 , x 3 of P 3 (over K and hence over K ). Let W ⊂ P 3 denote the smooth quadric surface with x 2 x 3 + f (x 0 , x 1 ) as its equation.
If K = R, then these types of surfaces are just ellipsoids. If K = F q , then W is an elliptic quadric surface [4] .
In this paper we study the K -gonality of smooth curves C either contained in W or with a singular model Y ⊂ W , but with a small number of singularities. We prove the following result. 
Corollary 1 Let Y ⊂ W be a geometrically integral curve defined over

We have y = 2a − 4 if and only if there is a degree 2 extension K
′ of K such that ♯(J(K ′ )) ≥ 2 .
We have y = 2a if and only if Y (K
See Theorem 1 for spelling out the possible cases of y . For the foundational results on the gonality of curves over algebraically closed fields, see [8] , [5] , [9] .
Since we work in arbitrary characteristic we cannot use some of the strongest tools in the literature. In our opinion in characteristic zero the best results are still obtained using [7] or the case e = 0 of [10] and [6] , Remark 2 on page 351. To get Corollary 1 and related results we need first to work over an algebraically closed field K and study low degree linear series on smooth models of singular curves on a smooth quadric surface Q (see section 2). As stressed above, in characteristic zero stronger tools are available. We discuss our method and possible improvements in Subsection 2.1.
Many thanks are due to a referee who improved the exposition.
Over an algebraically closed field K
Let Q ⊂ P 3 be a smooth quadric surface defined over an algebraically closed field K. For any coherent sheaf F on Q and any integer i ≥ 0 set
denote the line bundle on Q with bidegree (a, b). Step (i) of the proof of Lemma 5 requires the following modifications for arbitrary singularities. For each P ∈ J red let u P be the degree of the effective divisor w −1 (P ) ⊂ C . For each connected degree 2 zero-dimensional scheme Z ⊂ Q whose support is a point P ∈ J red let u Z,P be the degree of the
Outline of the proof and of possible improvements
We say that Y has either an ordinary node or an ordinary cusp at P if u P = 2 and for each connected degree 2 scheme Z ⊂ Q with P as its support either u Z,P = 3 (if and only if in the plane T P Q the line through Z is in the tangent cone of Y at P ) or u Z,P = 2 . In the description of step (i) of the proof of Lemma 5 we use the integers u P (with u P = 2 for double points) and u Z,P (which are 2 or 3 for ordinary nodes and cusps with 3 if and only if Z corresponds to a branch of Y at P . See for instance [1] , [2] , [3] for the formal theory of plane and space curves. Now assume Y ⊂ W and that Y is defined over K . To extend Theorem 1 one needs to know the integers u P , P ∈ J red (K ′ ) for any degree 2 extension K ′ of K and the integers u Z,P with P ∈ J red (K) and Z defined over K . The tools work for all spanned R ∈ Pic y (C)(K) with deg(J) + y ≤ 3a − 5, without assuming that y is the K -gonality of C .
Proofs over K
Lemma 1 Fix an integer c ≥ 2 and a zero-dimensional scheme
For each integer i ≥ 2 define recursively the integer e i , the curve T i ∈ |O Q (1, 1)| , and the
we may take T i as above and with the additional restriction that each T i is irreducible. Since deg(Z) ≤ 3c + 1 , we get e c+1 ≤ 1 and Z c+1 = ∅ .
From (1) for each i ∈ {1, . . . , c} we get the exact sequences 
Lemma 2 Fix integers
We saw that h 1 (I F ∩Z (k, 0)) = 0 and hence 
Corollary 2 Let T ⊂ Q be an integral element of |O Q (a, a)| with only ordinary nodes or ordinary cusps as its singularities. Let u : C → T be the normalization map. Set J := Sing(T ) and assume deg(J
Proof Since T has only ordinary nodes and ordinary cusps as singularities, the set J is the conductor scheme used in Lemma 3. Apply Lemmas 1 and 3. 
Lemma 5 Let T ⊂ Q be an integral element of |O
Q (a, a ′ )| , a ′ ≥ a ≥ 2 ,
and u : C → T its normalization. Let w : C → Q be the composition of u with the inclusion T → Q. Assume that T has only ordinary nodes and ordinary cusps as singularities and set
Fix R ∈ Pic y (C), y > 0 , such that R has no base points and R is neither u
)).
Let h : C → P 1 be the morphism associated to a general 2-dimensional linear subspace of H 0 (C, R). Let 1, 1) ). Lemma 1) and R are spanned,
(ii) Fix a general A ∈ |R| and set B := u(A). Let f : C → P 1 be the degree y morphism induced by |R|. Since f is induced by a general pencil of the complete linear system |R|, it cannot factor through the Frobenius of order p . Since K is perfect, we get that f is separable. Since A is general, A is a reduced set of y points. Since |R| is spanned, we may also assume
Proof of the Claim:
Since T has only ordinary nodes and ordinary cusps as
(iii) In this step we assume a ′ = a and h 0 (R) = 2 . We first prove that R is a subsheaf of u * (O T (1, 1) ) . a, a) ) by a residual exact sequence like (1). Apply step (iii). 
